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1 Theory

1.1 Tight-binding model

In solid-state theory, there exist a plethora of models to describe the interactions of electrons
and their respective atoms on a lattice. In this thesis we will mainly be considering the so-called
tight-binding model in which the electrons are, in contrast to the free-electron model, modeled
to be closely bound to their respective atoms. For a theoretical model, this has the useful
consequence, that the interaction of other atoms in the crystal lattice with those tightly bound
electrons, can be regarded as negligible. This tight-binding of the electrons motivates describing
the electronic states as atomic orbital wave functions ¢ 4(r), rather than the commonly used
plane waves exp(ik - r) in the free-electron model. Since the electrons are strongly localized to
their respective atom, the atomic overlap of the atom wave functions of different atoms in the
crystal lattice is therefore expected to be rather small [16, 23].

It should be noted that the tight-binding approximation is mainly employed for describing
low-lying electron energy states (i.e s- or p-orbitals) due to their lower spatial extension. In this
regime, the atomic potential plays the vital role in determining the spectrum of our Hamiltonian
and the atomic Hamiltonian for an isolated atom at position R is given by:

A~

Hi(r —R) = ;;V2+VA(1°R) (1.1)

where r — R originates due to the dependence of the rotationally symmetric potential V4 on the
distance of the electron r of the position of the nucleus R. The atomic Hamiltonian fulfills the

following eigenvalue equation: }
Hali,R) = B} |i,R) (1.2)

where we denote |7, R) to be the i-th energy state for the atom at lattice position R with the
atomic orbital wave function:

(rli, Rj) = ¢iy(r — R) (1.3)
Consequently, in the absence of any other atoms, the electrons bind with eigenstates 1/1f4(r - R),
with energy Ef4 < 0 to the atom®.

Our interest however lies in modeling a lattice of well separated atoms rather than a single
isolated atom. To this end we extend our definition of the rotationally symmetric atomic potential
V4 to account for a lattice of atoms:

‘/lattice(r) = Z VA(I’ - Rz) (14)
R;

Furthermore extending our Hamiltonian to include the coulomb interaction of the electron at
position r with the nucleus of atoms at all possible position R; of the crystal lattice, we obtain:

A K2 .
H= —%V2+ZVA(1-—RJ-) = Hy + AVg, (1.5)
R;
where in the second step we split the single atomic potential (1.1) from the correction term:

AV (r)= > Valr—Ry) (1.6)
Ri#R;

'In analogy to the potential, the eigenstates are functionally dependent on r — R
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Chapter 1. Theory § 1. Tight-binding model

Since the electrons at the different positions of the atoms are mostly localized (this refers to the
electronic eigenfunctions wi‘(r) having a very small probability one lattice site away) and mainly
interact with the closest atom, the correction term AV in the tight-binding approximation can be
seen as a small perturbation of the atomic potential at position R; due to the coulomb repulsion
with the other atoms at the remaining sites R;, meaning close to each lattice point, the governing
Hamiltonian is (1.1) and, as already established, ¥% (r — R) is a good approximation for low

lying electronic energy state. This consequently motivates the use of a linear combination of
atomic orbitals (LCAO):

(r :L eik-Rj e~ R
1/%1(( ) mgj wA( R]) (17)

where the normalized coefficient function in front of the atomic orbitals is obtained with the help
of Bloch’s theorem, stating that in a translationally symmetric system?, the following holds:

Yi(r + R;) = e® Ry (r) (1.8)

Electrons which are strongly bound to the atoms, i.e the ones with large binding energies,
correspond to low lying energy states, which form the discrete spectrum shown in 1.1 will remain
close to their host atoms. Those at higher energies, are more weakly bound and will be closer to
free particles and have a chance to tunnel to neighboring atoms due to an overlap of the wave
function with a neighboring atomic orbital. The weakly bound electrons which become dislodged
from their host atoms are called valence electrons (the same electrons which typically sit in the
outer shells) [25]||24][8]. Instead of labelling our energy states with the index ¢ we will use a

Position

Atom at R; Atom at R;

Tunneling

Figure 1.1: Schematic illustration of the tight-binding model

generalized quantum number denoted by lowercase greek letters, «, 5, ... to include all other
possible quantum numbers that uniquely determine an atomic orbital eigenstate (in the case of a
hydrogen atom we would for example have aw = (ny,11, s1)). In Dirac notation, the LCAO ansatz
(1.7) then takes the form:

1 al ik-R; ,
[Yak) = \/7N ]Z:;e o, Rj) (1.9)

Since the pre-factor is simply a phase, computing the matrix elements of the Hamiltonian with
|thax) boils down to finding the explicit matrix form of:

(o, Rj|H|B,R;) = Eoba 30R, R, + (0, Rj|AVR, |8, R;) (1.10)

*Due to the fact that the Potential is assumed to be periodic, i.e V(r + ae;) = V(r)

4



Chapter 1. Theory § 1. Tight-binding model

In further considerations of the tight-binding model we will consider a single orbital for each
atom on the lattice (for example the s-orbital) and neglect the irrelevant global diagonal energy
shift resulting from the first term. If we consider a trivially spin-degenerate system, we can
drop the index a and aim to focus entirely on the overlap integral or hopping matrix elements

(R;|AVR;[R;) [23, 16].

1.1.1 Tight-binding model in second quantized formalism

Instead of working in first quantized form, it is beneficial to instead work in second quantized
form. In second quantization the state of the lattice is expressed in terms of the occupation
number of electrons at a given site. For a lattice with N sites labeled by the lattice vectors
R; with j = 1,... N we have the occupation number representation |ni,...ny). We define

the fermionic creation- ¢ ~and annihilation ¢r. operators in position space which create or
R; R;

annihilate a particle in the j-th site in a given orbital (we again assume we have a single orbital),
which satisfy the fermionic anti-commutation relations

{¢r, ¢k} =05 and {ér;,ér,} ={¢h ek} =0 (1.11)
We note that the electron state depends mostly on the Fourier pre-factor

1 .
¢ = ——e'K Ry 1.12
J \/N ( )
rather than the explicit form of the orbital, which means our study will mainly involve ¢;. It
should however always remembered that the exact electron state is given by the product of ¢;
with the orbital at the position R;. In position space, the tight-binding Hamiltonian in second
quantization is then given by:

f{tight-binding = ZEoé;jéRj + Z tijé;iéRj +h.c (1.13)
J R, R;

The ’h.c’ in this case denotes the hermitian conjugate, i.e the adjoint operator. The matrix
elements ¢;; = t;; are referred to as hopping elements where tgj determines the probability that
an electron on site 7 hops to site j and is of the dimension of energy. The hermitian conjugate
then describes the inverse operation, i.e the annihilation of the electron at position R; and
subsequently a creation of the electron at site R;. Since the operator product é;réj annihilates an
electron on site R; and creates one on site R;, it represents the kinetic energy of the electron.
Instead of considering all possible interactions with the potentials at all sites, we want to restrict

ourselves to identical nearest neighbor interactions at every position R;, meaning we set:

—t if R; and R; are nearest neighbors

tij = (Ry|AVR,[R;) = { (1.14)

0 otherwise

and the Hamiltonian (1.13), without the irrelevant global energy shift, takes the following form:

. 4 t . R R
Hiight-binding = —1 Z ckj (R, + h.c= —3 Z Z(c}cﬂg + c}+50j) (1.15)
é

(R;,Rq) J

where in the second step we expanded the nearest neighbor sum (R;, R;) and included the factor
1/2 to avoid double counting. For a d-dimensional Bravais lattice without diagonal hoppings,
> s sums over all the ¢ = 2d unique nearest neighbor vectors 81,02, . .. d, for any lattice site j.



Chapter 1. Theory § 1. Tight-binding model

1.1.2 Momentum space representation

Instead of labeling the state of the lattice with the positions of the electrons we can also express
it with the number of electrons with a given momenta |k). It should be noted, that ik is not
the electron moment but rather the crystal momentum, i.e the momentum of the system (for a
discussion, see for example 25|, section 5.2.1). It’s better to think of it as the quantum number
which uniquely determines a Bloch state. For a second quantized operator, a change of basis
corresponds to:

=Y (Blayel, and éa = (alB)és (1.16)

B B

where {|a)} and {|3)} are a full set of orthonormal basis states that span the Hilbert space. The

relevant element is the projection of the basis elements of one space onto the other, which in
case of the Fourier space results in the following inner product between basis elements:

(k[j) = Vi (R;) = jﬁe—ik'l‘f and  (jlk) = Ui (R;) = \/lﬁe“"“j (1.17)

where |j) = é}{j |0} is the state with an electron on the j-th site. Here |0) defines the vacuum state.
The creation and annihilation operators in momentum space then have following representation:

ik

JcR and ¢ ZeZk RJCR (1.18)

ck_fze k_\/>

where the sum over momentums k is taken over the first brillouin zone. In 1D, this would mean,
k =2mn/N with n =0,..., N where L = Na. The inverted expression then yields us:

. 1 ik-R; N —ik-R,;
CR. = — e ™Mé, and ¢ e kRt 1.19
RJ /Nzk: k Rj ,/ Z k ( )

Rewriting the Hamiltonian (1.15) in terms our momentum space operators yields:

E[tb — Z Z —ik- R] ik’( J+6)CT f er +e ik’ (R]+5) k- R]éT ék’)
8.k Kk
. g | (1.20)
=3 Z the-d Jk"s) Té —— ZCOS k- é)ckck
5.k 5 Kk
where we used the relation: ‘
Z cl(k—KIR; N(Sk,k’ (1.21)
Kk

The diagonalized Hamiltonian in momentum space can then be written as:

Hiight-binding = Z el ix (1.22)

k

with the dispersion relation

k=—tY cos(k-d) (1.23)

This allows us to directly see, that the eigenstates of Hyy, are then uniquely defined by giving the
occupation number ny = éLék = {0, 1} for every single particle state. The associated eigenvalue
E, for an arbitrary state |A) is then given by E, = ), ex with the sum running over the state in



Chapter 1. Theory § 1. Tight-binding model

|A) for which nx = 1. For a system with a fixed number of electrons Ny, the occupation number
satisfy the constraint

> =N, (1.24)
k

and the ground state |G) corresponds to the system in which the states with the smallest energies
ek are filled. The k-states that will be filled are the ones up to the Fermi wavevector kg. Thus
we write the ground state generally as:

G) =TI o) (1.25)

k<kp

where |0) denotes the vacuum state, i.e the state in which no electrons are present. The explicit
form of the dispersion relations is obtained, once a proper lattice structure has been determined.
In our thesis, we will consider both the one-dimensional chain and the two-dimensional square
lattice at half filling.

1.1.3 One dimensional chain

For a simple one-dimensional chain, for each lattice site, the nearest neighbor vectors are [26]
01 =a, and d2 = —a (1.26)

with the lattice constant a, resulting in the following Hamiltonian in real space:

" N

Hiight-binding = —3 > (Eeja+ el e (1.27)
=1

The energy dispersion relation is obtained by correctly inserting the nearest neighbors into
equation (1.23):
€, = —t[cos(ka) 4 cos(—ka)] = —2t cos(ka) (1.28)

and the tight binding hamiltonian in momentum space for a single orbital is:

,}:[tight-binding = -2t Z COS(k‘CL)éLék (1.29)
k

Since, the dispersion relation is periodic in k — k + 27/a, we restrict ourselves to the first
Brillouin zone. Similar to the phonon case, and unlike the free-particle model, the electrons
have a minimum and maximum energy within a given band and a vanishing group velocity at
the Brillouin zone boundary: vg = 0E/0k ‘k:kp = 0. If N — oo, the wavevector k has values
from the first Brillouin zone, i.e in the range [—m/a, 7 /a]. The negative k vectors correspond to
electrons moving to the right, while positive k vectors correspond to electrons moving to the left
[24]25]. The dispersion relation is seen plotted in Figure 1.7.

For an even system size, the ground state |G) for the chain at half filling, corresponds to the
state, in which all the first N/2 k-states are occupied:

N/2

Gy =" é.l0) (1.30)
k=1
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Figure 1.2: Dispersion Relation for a 2D tight binding Hamiltonian; (a) Dispersion relation for
the tight binding Hamiltonian in two-dimensions for the first Brillouin zone. Up to the blue lines
around the Energy e, = 0 the states are filled in the ground state. The Fermi surface separates
the occupied states from the non-occupied ones.

and the ground state energy is simply obtained by summing up all negative eigenvalues, which
for the spinless fermion model with n; = {1,0}, corresponds to summing up to N/2:

N/2

Eo=>) ek (1.31)
k=1

In our computations, we will simply set the lattice constant to be equal to ¢ = 1 and the
tight-binding Hamiltonian takes the form:

L-1

~ t N . .
Hy, = —3 > lefei + el 6] (1.32)
j=1

1.1.4 Two-dimensional square lattice
For a 2D square lattice, we have the following nearest neighbor vectors [26]:

0, =ax, 0y =—ax, O3=ay, O04=—ay (1.33)
where again, a represent the lattice constant, so the energy dispersion relation (1.23) is:

ex = —t[cos(kga) + cos(—kgza) + cos(kya) + cos(—kya)]

= —2t [cos(kza) + cos(kya)] (1.34)

and the tight-binding Hamiltonian in momentum space reads:

Hyp = —2t Z(cos(k:xa) + cos(kya))éLék
k
= =2t > (cos(kya) + cos(kya))él (ke, ky)é(ka, ky)
kz,ky

(1.35)
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If we again set the lattice constant in the square lattice model to be a = 1, the tight-binding
model will take the form:

Ly—1Ly—1
. T, . . . Ny .
o= 3 (=5 [ )6 +1,9) + (i + 1,5)e0,9)|
o = (1.36)

-2 [éT(z’,j)é(i,j 1)+ el (ij + 1)é(i7j)} )

1.2 Boundary conditions and sine-square Deformation

Observables for systems in the thermodynamic limit N — oo are believed to be independent
on the choice of boundary conditions. In this limit, we expect macroscopic thermodynamics
to hold and all thermodynamic quantities to be only dependent on thermodynamic quantities,
such as pressure and energy. However in numerical studies, which involve finite system sizes, the
expectation values in the bulk of the system and the physical properties will crucially depend
on the choice of boundary conditions. This is due to the fact that in finite systems, boundary
conditions determine the topology of a system and the topology dictates the propagation of
particles and information [9]. Up until now, we often implicitly assumed periodic boundary
conditions, to guarantee the analytical solvability of the model. Periodic boundary conditions
are also employed, to suppress the boundary induced modulations resulting from open boundary
conditions, which often present themselves as an obstacle in obtaining the expectation values in
the bulk [10][14][6].

For the tight-binding model on a one-dimensional chain, the choice of boundary conditions, can
then for example, be introduced with the variable o = {1,0}:

L-1

A=Y {—;(e}éﬂl +élep) — pele;| — at(eler +élep) (1.37)
j=1

where for completeness, the chemical potential p is also included. Open boundary conditions,
then correspond to a = 0 and periodic boundary conditions to a = 1, which we will from now on
abbreviate with OBC and PBC, respectively. Topologically this means, that periodic boundary
conditions, transform the system from a chain or cylinder to a ring or torus. The effects of
the boundary conditions on the expectation ;falue of an observable can for example be seen by

considering the particle density (n;) = (G|¢;¢;|G) in the ground state of the one-dimensional

tight binding model at half-filling. For both OBC and PBC the relation:

L
Ny = () (1.38)

=1

always holds. However, for a translationally invariant system such as for PBC, the particle
density is furthermore, as evident in Figure 1.3b, a spatially uniform quantity corresponding
to Ny/L. Additionally, as expected for open boundary conditions, in Figure 1.3a we observe
prominent oscillations around the open edges of the system [10].

In addition to periodic boundary conditions, so-called smooth boundary conditions can be
employed, to efficiently suppress unwanted boundary effects and finite size errors resulting from
open boundary conditions [9]. Such models, are employed, when an open system is favored
such as in the density matrix renormalization group or because it allows a Floquet system to

9



Chapter 1. Theory § 2. Boundary conditions and sine-square Deformation
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Figure 1.3: Occupation number (n;) with different total particle numbers Ny for (a) open-
boundary conditions (b) periodic boundary conditions.

be analytically solvable. One such model is the so called sine-squared deformation where an
arbitrary Hamiltonian is locally rescaled according to the function [12]:

fo = sin® E (x - ;)] (1.39)

Here x denotes the local position and L the length of the system. Unlike the case with PBC, the
system with the sine-squared Hamiltonian is not translationally invariant, since it breaks the link
between the sites © = 1 and x = L. To construct the explicit form of the sine-squared deformed
Hamiltonian for a one-dimensional chain of length L, we introduce the chiral deformation [14,
12]:

L L

~ t iz AT A 10(x— Al A
&) — - Zei s [C}Cjﬂ +he] — Mzei 8( 1/2)c}cj (1.40)
j=1 J=1

where ¢ = 27/L. Each term in the sum of the chiral Hamiltonian is the discrete Fourier
transformation of the local Hamiltonian. The sine-squared deformed tight-binding Hamiltonian
can then be constructed as follows:

L—-1 L

- 1. 17~ . t N B A At A

Hggp = §H0 - = [H(+) + H )} =73 Z f (,7 + 2> [C;L-Cj-',-l +h.c] - HZf(])C;[Cj (1.41)
j=1 j=1

where f(j) corresponds to the scaling function defined in equation (1.39).

As can be seen in Fig. 1.4a, employing the sine-squared deformation to a tight-binding model
greatly reduces the boundary modulations of the bond-energy <é;éj+1 + é; +1éj> in the ground

state for a half filled one-dimensional chain of size L = 100. Furthermore, we observe that in the
bulk of the system, the bond strength becomes translationally invariant. By investigating the
occupation number (n;) = (G |é;[éj|G>, we further observe that the variation in the total number

10
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Figure 1.4: (a) Expectation Value of the Bond Energy in the Ground state with half filling as a
function of the lattice site (b) The Occupation number n;(¢) = \gol’,;ﬁ as a function of the energy
index [ and the lattice site close to the chemical potential y = 0 for L = 50.

of electrons, changes the edges of the system and leaves the bulk mainly unchanged. The results
are shown in Fig. 1.4b. Interestingly, for particle numbers smaller than the system size, the
particles accumulate close to the center of the system and away from the edges. At the crossing
to particle numbers larger than the system size, the excess particles start accumulating near the
edges of the system [10].

In addition to the different effects resulting from the choice of boundary conditions, we briefly
note that they also share different finite-size error scaling behaviors. The finite size errors are
defined to be the deviation from the expectation value of an observable in the thermodynamic
limit. As was shown in Ref. [6] and Ref. [5], the finite size error correction for the ground
state energy for OBC are 1/N and 1/N? for PBC and SSD. This means that the finite-size
corrections decreases faster for a system with periodic boundary conditions or sine-squared
deformations than with open boundary conditions. The finite size errors are therefore expected
to be negligible for the one-dimensional chain, but sizable for the square lattice model, due to the
exponentially increasing numerical cost in scaling a system to large lattice sites in two-dimensions.

1.2.1 Sine-Square Deformation in momentum space

In the k-Basis where the tight-binding Hamiltonian is diagonal, the chiral Hamiltonian takes the
form:

HE =" TP e(k  6/2)c) éns (1.42)
k

The Hamiltonian includes terms that describe momentum transfers Ak = +§ only for nearest
neighbor sites in k space. Due to the Pauli exclusion principle, applying this Hamiltonian on
the Fermi sea of the tight-binding model, restricts the possible momentum transfers to only
include those across the Fermi point £ = +kp. It should therefore be evident, that the chiral

11
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Figure 1.5: Profile of the unnormalized eigenstates (1, 7)|? shown here for different energy levels
[ as a function of j for the (a) tight-binding Hamiltonian (b) sine-squared deformed Hamiltonian

Hamiltonian can generate excited states of Hy,[10).

If however, the chemical potential 4 is fined-tuned such that €(kp F0/2) = 0, no active excitation
processes exist®. Then, the Fermi sea of the tight-binding model with PBC is also an exact
eigenstate of the chiral Hamiltonian [14].

More notable, it can be shown, that the Fermi sea is not only an exact eigenstate of the PBC
system, but also corresponds to the exact ground state of the SSD Hamiltonian [11][14]. This
is the reason, we observe that the SSD deformation recovers the translational symmetry of the
PBC system.

The probability distribution of the eigenfunctions |¢(1, j )|2 are shown in Fig. 1.5. As expected,
for the tight-binding model with periodic boundary conditions, the eigenfunctions are plane waves
with different crystal momenta k. For the sine-squared Hamiltonian, the wave number k is not a
good quantum number anymore, due to the mixing term in the chiral Hamiltonian. We observe,
that the eigenstates are rather a superposition of plane waves with different k values? localized
at different locations in real space [10]. For increasing energies, the peaks of the wave packets
shift left and right until around the zero energy level € = p = 0 (which for a half filled system,
corresponds to [ = 500 in Fig. 1.5b), where the packets become localized around the edges of the
system. With the help of the dispersion relation 1.7, we can conclude, that eigenstates around
the concentrated € = p = 0 level, correspond to localized edge states [10]. As was shown in [10],
the wave packets in the center have large energy and a light mass, forming the bulk of the system.
The ones at the edges have a heavy mass and can hardly move, serving as reservoir or particle
bath. This helps explains why changing the particle number incrementally around the N, = L/2
value, only drastically changes the particle density near the system edges (as seen in Fig. 1.4b)
but maintains the optimal value® in the bulk [10].

3In our one-dimensional numerical studies, setting ;1 = 0 generated such a scenario
4Also commonly referred to as a wave packet
Scorresponding to the value obtained in a PBC system at the thermodynamic limit

12
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Figure 1.6: (a) Schematic representation of the allowed chiral H(+) (blue arrow) and anti-chiral
H) (green arrow) excitations in momentum space. Due to the Pauli principle these processes
are heavily restricted and only processes at the Fermi momentum kg are allowed (b) Occupation
number for the ground state at zero temperature.

In two-dimensions

The construction of the sine-squared deformed Hamiltonian in two-dimensions for a square lattice
follows analogously to the one-dimensional case with the introduction of a chiral Hamiltonian
[14]:

A =37 (= % exp(ilder + b,y — 1/2)]) [¢ (@, 9)é +1,y) + bl

- (1.43)
— 2 exp(ild (@ — 1/2) + d) [éT(x, y)e(z,y+1) + h.c} )

where t1 corresponds to the hopping in z-direction and to in y-direction. Similarly, the diagonal
chiral Hamiltonian in momentum space is:

g((si) — Z T2+ ¢(k 4 §/2)él ey (1.44)
k

which again describes the active processes connecting the sites k and k + §. The difference to
the 1d case however here is that ¢(k + d/2) = 0 cannot be achieved by tuning the parameter
1 which means that the Fermi sea is only an approximate eigenstate of the chiral Hamiltonian
and an exact correspondence is only achieved in the thermodynamic limit L, , — oo[14]. The
sine squared Hamiltonian in the two-dimensional case is then constructed analogously to the
one-dimensional case with Hsgp = Ho/2 — [H™) + H()]/4:

Hssp = i i(zﬁl]—' (a: + % y) @ met +1,y) + & @ + 1y, y)|
i=1j=1 (1.45)

1
+hf<%y+2>FW%wd%y+U+fW%y+Dd%yﬂ)
where we used to following modified function for our deformation:

Flz,y) = falx) fy(y) = 4sin<%)zsin<%>2 (1.46)

13



Chapter 1. Theory § 2. Boundary conditions and sine-square Deformation

1) 5

1.5

*20 T T T T
0 10 20 30 40 50

energy index [

Figure 1.7: (left) Dispersion relation €(k) = —2¢ cos(ka) for the tight-binding Hamiltonian for
L = 50, chemical potential p = 0, lattice constant a = 1 and hopping parameter ¢t = 1/2.
Represented is the half-filled ground state occupation up to the Fermi level ez = pu = 0 for
spinless fermions. (right) energy-eigenvalues for the sine-squared deformed Hamiltonian Hgsp
for L =50 and p = 0.

This expression is best generalized as a sum over the two index coordinate tuple (i, j), as done in
equation (1.36):
Lz—l Ly_]- 1
fssp = > Y (0F (z + 2,j> (. 3)e(i +1.) + &6+ 1,9)e(i )|

i=1 j=1 (1.47)

b i+ 3) [0+ 1) + 0.5+ Vet )]

1.2.2 Evolution of ground state from PBC to SSD

In this section, we aim to analyze how the ground state of the PBC system changes, if we apply a
sine-squared deformation, similarly to the analysis done in Ref [14]. This was done by introducing
the toy-Hamiltonian:

H(a) = (1 — a)Hy, + aHssp (1.48)
with the variable parameter a = [0, 1]. For a = 0 we recover the Hamiltonian with PBC conditions

and for a = 1 we obtain the SSD Hamiltonian. For simplicity, we replace the deformation function
F(z,y) in the SSD Hamiltonian (1.45) by:

F(z,y) = F(z;a) = (1 —a) + afy(x) (1.49)

where f,(x) corresponds to the function defined in equation (1.39). In Fig. 1.8a we observe that
for a half-filled one-dimensional lattice, the ground state for a = 0 is also a ground state for
a = 1. However as can be seen in 1.8b, for the two-dimensional system, this is not the case since
at around a = 0.69 we observe a level crossing over the Fermi Energy Fr = p = 0, meaning
the number of particles with £ < 0 changes and the Fermi sea at a = 0 is not the ground
state for ¢ = 1, but an excited state. Furthermore, we note, that in both one-dimension and in
two-dimension, the sine-squared deformation changes the degeneracy of the eigenstates [14].

14
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 1.8: (a) Evolution of the energy eigenvalues for the one-dimensional lattice with L = 10,
(b) Evolution of energy eigenvalues for the two-dimensional square lattice with L, = L, = 5.

1.3 Time evolution and Floquet theory

In this section, we aim to introduce the Floquet framework, which will serve as the theoretical
basis, in understanding the Floquet systems treated in this thesis. In general terms, Floquet
theory investigates the behavior of quantum systems with time-dependent Hamiltonians satisfying
the periodicity constraint:

H(t)=H(t+T) (1.50)
Here T denotes the period of the driving cycle®. The dynamics of a quantum system are fully
captured in the time-dependent Schrodinger equation:

i S 10(0)) = FL(1) (1) (1.51)
which can analogously be written in terms of the time-evolution operator U (t,to):
[¥(1)) = Ut to) [¢(to)) (1.52)
The periodicity of the Hamiltonian is equivalent to the time-evolution operator satisfying:
Ut +T,to+T) = Ult, to) (1.53)

In the following, we will simply notation by choosing g = 0 and setting U(t,to) = U(t) In

general, the time-dependent Hamiltonian will not commute with itself at different times, i.e

[H(t), H(t')] # 0 and the time-evolution operator has to be written as a time-ordered series’:
ot

U(t) = Texp (—;/ dt’H(t’)>

to

. t ) -\ 2 gt . t1 .
:IL+<—Z> / dtlH(t1)+(—Z> [ i) [ anfe) +..
h to h to to

SEvidently, all Floquet systems are therefore invariant under time translation
"Also referred to as Dyson expansion

(1.54)
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Chapter 1. Theory § 3. Time evolution and Floquet theory

where T stands for the time-ordered product. This guarantees that the n-th term in the
Dyson expansion corresponds to the ordered product H(t1)H (t2) ... H(t,) of non-commuting
Hamiltonians [21].
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2 Floquet system in one-dimension

Floquet systems have become a popular way to study statistical dynamics beyond equilibrium [1].
However, very few analytically solvable Floquet systems are available and the setting necessary
for the formation of phases is not well understood. Generally, the periodic driving of a Floquet
system, results in heating up the system towards a featureless infinite temperature state in which
no notion of distinct phases can be observed [20].

One analytically solvable Floquet system with a novel phase structure was proposed in a Paper
published by Wen and Wu in 2018 [27], in which the Floquet dynamics of the system were
captured by a (1 + 1)-dimensional (periodically bulk driven) conformal field theory. On a lattice,
such a system is best modeled with the free fermion chain at half filling and the time-dependent

Hamiltonian:
L—1 )
N . (e +1/2 R R
H, = Z Sln2 <(L/)> [C}LCZ'_H + C;rJrlCZ' O<t<Ty
A i=1
H(t) = 11 L (2.1)
Hy =3 [elei +él e +a(@e +éle))  Ti<t<Ti+T

i=1

where the transition amplitude is set to t = 1 and « = {1,0} determines the imposed boundary
condition. The initial state of the system is chosen to be the ground state |G) of Hy. Then for

@) ! !

. T T
Hssp
Hy
SSD 0 T, T,
0—0—0—0—0—0—0—0—0—0—0—0—0—0—0
L time
(a) (b)

Figure 2.1: (a) Hamilton densities for the tight-binding Hamiltonian and SSD deformation (b)
The Floquet drive, where the black arrows indicate stroboscopic times.

time T7, we evolve the state with H 1, followed by an evolution with I:IO for time Tj, to complete

one cycle T' = Ty + T7. For this step-wise, one cycle, driving protocol, the time-evolution operator
1.54 simplifies to the following form:

T . "
U(T) = T exp (—2/ ﬁ(t)dt’) = ¢ tHoTo—H1Th (2.2)
0

The resulting time-evolved state |¢(t)) is [¢(T)) = F(T)|G), where we defined the Floquet
operator F'(T'), which corresponds to the time-evolution operator over one period. The state
|(nT)) after n-cycle driving is then given by:

[4(nT)) = F(nT) |G) (2.3)

17



Chapter 2. Floquet system in one-dimension § 1. Correlation function

where similarly to 2.2, the Floquet operator is given by:

T N R N N
F(nT) = Texp(—i /n fI(t/)dt/) = ¢ HoToith Ty~ o —iHoTo o —iHhTh
0

e e n
— (e_ZHOToe—lHlTl)

(2.4)

The dynamical characterization of the Floquet system after n-cycle driving then requires the
studying of the two-point correlation function (1(nT)|éhén|t(nT)), from which, as we will show
later, observables such as energy density, total energy and entanglement entropy can be obtained.
To obtain the two-point correlation function, we closely follow the results in [27].

2.1 Correlation function

To numerically implement the Floquet system, we require the matrix form of the Hamilton
operator Hy and Hj in the occupation number basis. We recall, that in the second quantized
formalism, a one-particle operator is defined as:

A=Y (Al afa, (2:5)

v

and as such we require the evaluation of the following matrix elements:
Hypn = (m|Ho|n) = (0|ém Hoch|0) (2.6)

where {|p,)} denotes the single-particle basis states. In this basis, the matrix takes the form:

Ao (Ufol2) ... (IH,|L)
= | 2HL (2.7)
(LIH|1)
Inserting the expression for our Hamiltonian with open boundary conditions:
=
Hy Z ¢;Cit1 + (:LrlcZ (2.8)
=1
into the expression 2.6, yields:
- =
=3 Z (0[ém [c Gt +CT+101} eh10) = 5 D7 (Oleméleieh|0) + (Olemel,eich[0) (29)
i=1 =1

The two expectation values on the right hand side can then be evaluated with the help of the
fermionic commutation rules and the definition of the vacuum state:

e For the first term in the expression, we obtain

> (0lemelineh]0) =3 (0lemé] (di41m — héis1)|0) (2.10)

% 7

= > (dis10 Olemel[0) = (Olemeleheiinl0))  (211)
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where in the second step we used the anticommutator relation for the creation and annihi-
lation operators:

{eir1, 6} = eindh + e = &l = {é, ) —éhen (2.12)
——
61’,+1,n
Noting that the second term in 2.11 is zero due to é;4+1 |0) = 0 and that with
emtl = {em, &)} —élem (2.13)
é

in analogy to 2.12, we obtain the expression

(Olemel e el |0) = Giv1n0m,i = Omn—1 (2.14)
7

where <O|éjém|0> = 0, since ¢, [0) = 0.

e For the second term in the expression, we proceed analogously to above. For completeness,
the steps are listed here:

> (0lemély 1 & 0) = D (Olemely (i — i) 10) (2.15)
=" (8 (0émel,110) = (0lemel,yéféii]0)) (2.16)
¢ =0

Using émézﬂ = O, it1 — éLlém and the fact that <0|62T-+1ém\0> = 0 we obtain

> 0lemél 1 &b 10) =D 8inbmitt = dmnsa (2.17)

i

Combining the results from 2.17 and 2.14, it follows that the Hamiltonoperator Hy has the

following matrix elements:
1
HT(:EL)T)L = 5 (6m,n+l + 5m+l,n) (2.18)

and applying the same procedure, results in H, having the following matrix elements:

HWY = gin? <7T(”_Ll/2)) Om.n—1 + sin? (W) Smum (2.19)

The matrix representation for the OBC, PBC and SSD tight-binding system are shown visually
in Fig. 2.2. In all cases, we obtain a bi-diagonal matrix!'. For periodic boundary conditions, we
additionally have non-vanishing matrix elements (L, 1) and (1, L) in the upper right and lower
left corner of the matrix, resulting from the terms (0]éy,éhéiéh|0) and (0]éméléneh|o).

Tf the diagonal elements E; are also included, we would have a tridiagonal matrix
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0.0 0.00

—0.1

—0.4

0.5

Figure 2.2: Structure of the tight-binding Hamiltonian for L = 15 and (a) open-boundary
conditions (b) periodic-boundary conditions (c) sine-squared deformed.

2.1.1 Ground state

To diagonalize the matrix Hy, we consider a change of basis from {|@,,)} to some other single-
particle basis set {|¢;)}. In the second quantized formalism, such a change of basis corresponds
to the following transformation operation for the creation and annihilation operators:

aj =Y (Gle e and @l =" (pil;)él (220

K3 (3

where a; and al are also fermionic operators satisfying the anti-commutation relations If we let
Uij = (¢i|¢;) denote the matrix elements of a unitary transformation, we can compactify 2.20,

as such:
;=Y (UNue and al =S (Uhnel = duy (2.21)

where we used Uf;‘ = (UM ji- Similarly, the inverse transformation:

can be obtained. Lastly, we aim to show that the transformation matrix is indeed unitary. For
this, consider:

Sjk = (Djlor) = Z (Djlei) (wildr) = Z (pilds)" (@iltr) (2.23)
= UiUp=> (Ul = UV = UU=1 (2.24)

Any hermitian matrix A, such as our Hamiltonians Hy and Hi, can then be diagonalized by the
unitary similarity transformation:

A0 ... 0
0 A ... 0

vlav=1| . . (2.25)
0 0 ... \

where A1, ...\, are the eigenvectors of the hermitian matrix A and the columns of U are spanned
by the eigenvectors of the hermitian matrix A.

L
=Y Eala; = B"q (2.26)
i=1
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Chapter 2. Floquet system in one-dimension § 1. Correlation function

where 7n; denotes the fermionic occupation number operator at site i. In the case of periodic
boundary conditions, we recover the unitary transformation to the momentum basis, discussed
in section 1.1.2 [27].

Correlation function ground state
Once the diagonalizing unitary transformation 2.25 for Hy has been found, the ground state |G)
for the half-filled fermion chain is:

() = 16) = [T al0) (2:27)

Consequently, the resulting two-point (one-particle) correlation function is given by:

(Glef,enlG) = Y Uni(UT)im (2.28)

i€0cC

as can readily be verified by inserting the transformations 2.22 and using the fermionic anti-
commutation rules.

2.1.2 Single quench
Next, we aim to find the equal-time two-point correlation function for a single quench:
Conn = ((8)]2],Enl0h(1)) (2.29)

where [1(t)) here corresponds to the time evolved ground state |G) by H;. Since Hggp is
time-independent, the time evolution of a state in the Schrédinger picture is given by applying

the unitary evolution operator U = exp (iﬁlt) on the ground state [¢(t = 0)) = |G):

(L)) = exp(—zfllt) G) (2.30)

Instead of working in the Schrédinger picture, we will work in the Heisenberg picture and consider
time-independent states:

(W) el () = (GleNtel e @) = (GleiNite] e iiteifite, o ~iht Gy (2.31)

Where in the second equality we inserted the expression Uty = exp (Zf{ 1t) exp(—zf[ 1t) = 1.
Our goal will be to simply the two expressions:

(G]eiﬁlté};ze_iﬁlt and eiﬁlténe_iﬁqu) (2.32)

such that the two-point correlation function 2.31 for a single-quench only depends on the unitary
transformation that diagonalizes the Hamiltonians Hy and Hj.

We have previously established that the unitary transformation U diagonalizes Hy. Similarly,
another unitary transformation V' can be introduced which diagonalizes the sine-squared Hamil-
tonian H; and results in the following basis change for our operators [27]:

b= (Vhuei and b = (Vi)zel =3 elvy (2:33)

% %
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Chapter 2. Floquet system in one-dimension § 1. Correlation function

such that: ) .
=" BVl (2.34)

and:

én = Z Vogbj and ¢f = > (V) bl = Z b (V1) (2.35)
J J

The operators Bj and l;; can analogously be written in terms of our creation and annihilation

operators a; and dZT:
by = Z(VT)jiéi = Z(VT)]@' Z Uiray, = Z(VTU)jk&k (2.36)
7 7 k k
bl =2 aVii= > UV =Y aU'V) (237)
% % k k
If we define another Matrix as W = VU such that W1 = UTV, we obtain the expression:

b fZijak. and b = Z (2.38)

It follows that:

ity =it G = it Z anj)je—iﬁﬂ G) (2.39)
J

RENEN LA c(1), A ~
Using the fact that e/1th;e~"1t = ¢ =5 "th and using the expression b; from 2.38, we get:

PN - (1), A (1)

Hit; it —ieMt —ipWMy . ),1
> Vagetithye it = N e T = N Ve Y Wikak = Y Vg D Wj(k) iy
J 7 J J J k

(2.40)

where we additionally defined:

(),1 —iE®M
ij =e 7 Wi (2.41)
meaning we have: A A
eiflity =ity — Z[V WO, Ly, (2.42)
k

Analogously we can show that:

(G et =it =N (qlal v - wOLL, (2.43)

k./

We note that this is simply the complex conjugate expression of 2.42. Consequently, for the
two-point correlation function we obtain:

<G‘€iH1téT zH1t zHltA —zHlt‘G G‘Zak’ T ' Z[V . W(t)71]nkdk’G>
. . (2.44)
= Z V~W()’ Ioi - [V - W) .
k€&occ

where in the second step, we used that the correlation matrix vanishes if ¥’ # k and <G|&L€LMG> =
1 for all occupied k’s in the ground state [27].
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2.1.3 Double quench

Moving on one step, we wish to obtain the correlation matrix for a double quench (full cycle)
T="1Ty+Ti:
Conn = ($(T)|ehenlto(T)) (2.45)

meaning we consider the state:
(1)) = e- e T |Gy (2.46)
We have to evaluate:
T ioTog, =M To o —iMT |G = 37 Ue 7T ST (W) e 79T S Wiy, |G) (2.47)
i j k

We define »
W0 = eieTo () (2.48)

which yields:

eiH1T1 eiHoToéne—iH()Toe—iﬁlTl ’G> — Z [U . W(TO)70 . W(T1)71:| dk ‘G> (249)
keocc nk
For which we obtain the following correlation function:
T
AT C = . (T0)70 . (T1)71 . . (T0)70 . (T1)71
(W) e ea () = > [0 w0 W Lk v Wy ]km (2.50)

k€occ

2.1.4 Generalization to n-cycles

The generalization to n-cycles, can essentially be seen as a product of double quenches. The
wave-function after n-cycles with nT' = n(Ty + T1) is given by:

|(nT)) = e~ iHoTo =i Ty o=iHo.Too—ithTh |G) (2.51)

and it can straightforwardly be obtained that the resulting correlation function is a product of
the unitary transformation matrices:

k€occ
with
W =U - (w0 @t — 7 (T0)0 Ly (T (T0).0 Ly (1)1 (2.53)

and therefore implicitly depends on the how many states k in the lattice are occupied [27].

2.2 Conformal field theory

As previously mentioned, the dynamics of the Floquet protocol 2.1 can analytically be solved
with conformal field theory. It therefore seems appropriate to introduce some of the concepts
found in a conformal field theory, starting with what conformality implies.
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Letting g, denote the metric tensor in a space-time of dimension d, the conformal group
which describes conformal transformations are a subset of invertible mappings (coordinate
transformation) z# — #(x) that leave the metric invariant up to a scale change Q(z):

- oz 0x°
I (%) = g (T) = QAx) gy () = gpaww (2.54)

and consequently preserve angles between two arbitrary vectors v and w. The set of conformal
transformation form the so-called conformal group [7]. In two-dimensions, an action of the
conformal group can be regarded as two independent actions on z and Z. In general, the
transformed metric is of course not proportional to the original metric. To study when it is, we
consider an infinitesimal transformation x# — #* = 2 + /(%) + O(¢?). Then:

oz’ 0z’

ot = 00 Ouc? and 0 = 07 + Oy (2.55)

Given this we obtain the following equation:

0xP 0z°

Qz)gu = gpa%@ + 0(62) (2.56)
= Gpo (0007 + 050,€” + 9,€°57) + O(€%) (2.57)
= Guv + 5V€,u + auﬁy (258)

To now satisfy the requirement of a conformal transformation 2.54, i.e scale invariance, we have
to fulfill the condition:
Oper + 0vey = f(Z) g (2.59)

where the resulting factor f(Z) = %(%ep is determined by taking the trace on both sides with g":
g'uy(azxfu + 8u€ll) = f(x)g,uuguy = 2(81/51/) =d- f($) (2-60)

and d is the dimension of the metric tensor. To conclude we therefore obtain the following scale
change:

2
Qz)=1+ g@,,e,, (2.61)
and the resulting equation is
2
ey + Ouey = a(@ - €)Guv (2.62)

For d = 1, any ¢ satisfies this equation. For our considerations, mainly the case d = 2 will be
relevant [22, 4].

2.3 Conformal group in two-dimensions

To simply things, we will mainly be working in Euclidean space, where the metric is defined to
be g, = 0. In two dimensions the so-called conformal Killing equation 2.62 reduces to:
Oe Jde Oe Oe
=20 and o=t (2.63)
Oxo ox 0z0 Oz
Identifying ¢y with the real part of a complex function and €; the imaginary part, we notice that
we recovered the Cauchy-Riemann equations for holomorphic functions and anti-holormorphic
functions. It therefore makes sense to work with complex coordinates z and Zz:

0

z=2a"+iz' and z=2"—iz! (2.64)
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where ) ) 1 )
B i(z +72), z'=—-(2-2), 9,= 5((’90 —01). 0= 5(30 +1i01) (2.65)

21

for which we obtain €(z) = €® +ie! and €(2) = ¢! —ie2. Since naturally two independent algebras

arise when considering the algebra of the conformal transformation generators, we can regard z
and Z as independent coordinates [22|. This corresponds to the original coordinates (x1,z2) € R?
to be taken as (71, 22) € C? and then transforming them to z, z respectively. It should therefore
be emphasized that Z is a distinct complex coordinate and not simply the complex conjugate of
z. At some point Z is then however to be identified with the complex conjugate z* of z again. It
follows that going to complex variables, the equation 2.63 further reduces to:

0.€(2,2) =0 and 0,€(z,2) =0 (2.66)

and analogously for the derivative with respect to z. The general solution is that € is an
arbitrary function of z and does not depend on z and € is an arbitrary function of Z, meaning a
two-dimensional conformal transformation coincides with the analytic coordinate transformations:

z— f(z), z— f(2) (2.67)

where f(z) is an arbitrary function of z. Expressed alternatively, a holomorphic function
f(2) = z + €(2) gives rise to an infinitesimal two-dimensional conformal transformation z — f(z).
[4][22]

2.3.1 Fields

Fields only depending on z, i.e ¢(z) are called chiral fields and fields ¢(Z) only depending on
z are called anti-chiral fields. It is also common to refer to them as holomorphic and anti-
holomorphic, respectively. The conformal dimensions (h, h)? are obtained from ¢(z, z) with the
scaling transformation z — Az:

b(2,2) — ¢z, 2) = \"Np(Az, A7) (2.68)

If a field, under conformal transformation z — f(z), changes such that:

o) i) = () (Y ) HC), T (269

it is referred to as a primary field of conformal dimension (h,h). This is equivalent to the
statement that ¢(z,2)dz"dz" is invariant. If this statement only holds for f € SL(2,C)/Z?, i.e
only for global conformal transformations®, then ¢ is called a quasi-primary field [2].

2.4 Floquet conformal field theory

In this section we will briefly give an overview of some of the results found in the Floquet
Conformal Theory [27][13][1] which will give us a theoretical analytically solvable method for
obtaining many of the quantities we wish to consider. To describe the Floquet system with the

2the bar here does not mean complex conjugation. Both numbers are real. It simply serves simply to distinguish
the two quantities
3A section on the Witt algebra and global versus local transformation, can be found in the Appendix
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help of conformal field theory, it is convenient to instead work with the energy-momentum tensor.
In such framework, our Floquet system can be described by:

L
Hgsp = / dl‘Too(l’) O<t<Ty
0

H(t) = (2.70)

A~

L 9 (TT
Hy = 2/ dx sin (T> Tgo(%) Ty<t<Ti+ Ty
0

Let | (nT")) be the stroboscopic time evolved Floquet state after n cycles. Most of the quantities
we aim to study can be obtained by evaluating the two-point correlation function G(z2, T, x2,0) =
(W(nT)|O1(x1)O2(x2)|1p(nT)) of two local operators O(x1) and Oz(z2). Introducing Euclidean
coordinates w = 7 + ix and imaginary time, the two local operators we wish to consider are the
fields ¢(w1, 1) and ¢(wp,wp). For a 1-cycle drive, the resulting two-point correlation function is
then given by:

G(HL’, T, To, 0) _ <€T1HSSD€TOFIO¢(W1, @1)€_TOHO€_TIHSSD ¢(w0’ "JO)> (2.71)

where we have and 7 = 79 + 7. Next we map to the complex plane with the conformal mapping
z = exp(2nw/L). Since we assumed that ¢ is a primary field, according to equation 2.69 we
expect the two-point function to transform as follows:

h _\h A . ) .
c<m,7;xo,o>=(g‘;§) (Zc;) (enttssperofog(a, z)e Moo g0, 2))  (2.72)

where one can readily verify that:

021 h 071 B_ 2 4h (273)

Odwy Owy ~\L '
This is equivalent to evaluating the evolution of the operator O(nT') = F~"O1(z1)O2(22)F™"
and applying it to the ground state [¢)g) of Hy. Generally such operator evolution does not
have a closed form solution [13|. It turns out however, that for the Floquet drive with the SSD

Hamiltonian as a deformation, the time evolution of the operator product O;(z1)O2(z2) for a
one-cycle time translation is equivalent to a Mobius transformation 4 for each point in C:

b
a=f(z) = Zid with a,b,¢,d € C,ad — be # 0 (2.74)
with the parameters:
_ ™ LK) __m™ _TTo
a_(1+L>eXp<L>’ b LeXp( L)
_ ™ (@) d= (1 @) ( @)
c= 7 exp 7 ) = I exp I

where 19 = i1y and 71 = I} represent the imaginary time periods. The two-point function at
different times for a 1-cycle drive is then more explicitly determined by:

nH ToH -\ —7Ho —m1 H ~ 27 i 0% " a'Zzl " ~ = =
<e 1H3sD o0 O(Zﬁ(wl,wl)e Oe™T1 SSD¢(w0’w0)> = <L> <821> <3Z1> <¢(21,21)¢(2’0,Z0)>
(2.75)

4which is inherently conformal (angle preserving).

26
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and we obtain the following expression for the operator evolution:

F7lO(z,2)F! = (‘?;;)h (%)h O(z1,71) (2.76)

Obtaining the n-cycle Floquet time evolution, can be simply be seen as a the following composition
of the initial M6bius transformation:
- Az+ B
Zn = f(2) =

Cz+D

The two-point correlation function for stroboscopic times after n cycles is best obtained by
expanding the n-cycle Mdébius transformation by writing the 1-cycle Mobius transformation in
its normal form, which centers around finding the fixed points f(vy) = 7. For a single-cycle, this
yields the following quadratic condition:

(2.77)

ey —(a—dyy—b=0 (2.78)

which has at most two fixed points, with the exception of the identity mapping z — f(z) = z.
Denoting the two fixed point of the M&bius transformation as 1 and -9, the above equation
gives us the two roots:

a—d—/(a—d)?+ 4bc a—d++/(a—d)?+ 4bc
2 y 2= 2 (279)

"=

To include the fact that we are considering n-cycles, we introduce the rotation 7 (also referred to
as multiplier) relative to the fixed points:

ey +d  a+d+/(a—d)?+4dbc (2.80)
en+d  a+d—+/(a—d)?+ dbc '

The normal form for a one-cycle evolution simply amounts to finding the points z; satisfying:

Z1—m zZ—m

o =7 (2.81)
Z1 =72 Z="2
and for n-cycles: B
Zn — 72 2 =72

This shows that the characteristics of the entire stroboscopic time evolution is encoded in the
multiplier . We note that since a = d (where here the hat does denote complex conjugation) the
first term a — d in the multiplier n in equation (2.80) is real. Without having explicitly found
the form of the correlation function, the stroboscopic time evolution can already be classified,

according to the sign of term inside the square root of 7 [1]:

1
A= Z(a —d)? + be (2.83)
i. Elliptical Class: In this case the equation f(7y) = 7 has two distinct roots which are
conjugate to each other v; = 5 and the rotation parameter 7 is a pure phase || =1, i.e
n € C which corresponds to an imaginary A < 0. The system is periodic, corresponding to
the non-heating phase.

ii. Hyperbolic Class: The two distinct roots v and =9 are real. This corresponds to A > 0
since then the square root is also real and consequently 1 # 1 and n € R. This corresponds
to the heating phase.
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iii. Parabolic Class: The two roots coincide with each other v = 41 = 9 due to vanishing
discriminant A = 0. The transformation, which sends the fixed point 7 to infinity is given
by:

= ! 2.84)
o(:) = — e
If v = oo is the sole fixed point, then the transformation ¢fg~"' fixes infinity which has to
imply that f(z) is a translation, i.e f(z) = z+ b. This corresponds to the critical phase.

Using an analytic continuation 7 — it and inserting the explicit expression for our parameters,

A is given by:
212 Ti T 27T,
A= <7TL21 - 1> sin? <7TLO> - %sin2 ( WLO) (2.85)

and is clearly periodic in Ty. The n cycle Mobius transformation can then explicitly be written
in terms of the parameters:

A=71—n", B=n"—1m (2.86)
C=1-n", D =yn" - (2.87)

2.4.1 Conformal transformations of the Energy-Momentum Tensor

In general, the energy-momentum tensor is not a primary field since it has a non-vanishing
central charge ¢ [7]. Under a conformal transformation z — f(z) the energy-momentum tensor
therefore transforms slightly different than a primary field:

2
76) = (5 ) UGN+ 55U (259
where S(f(2), z) denotes the Schwarzian derivative:
() = s (@010 - S(020?) (289

The Schwarzian derivate can be thought of as a tool to measure to what extent a transformation
corresponds to a Mobius transformation. We note that we only obtain a Schwarzian derivative
if we transform between different geometries, not however, if we transform between M&bius
transformations. The first step is to map the strip to the complex plane using the exponential
mapping z = exp(2nw/L):
(GIF"T(w)F"|G) = (‘92)2 (GIF~"T(2)F"|G) — <2W>2 < (2.90)
ow L) 24
Now, we map the complex plane to itself, resulting in the driven mébius coordinates Z,. After
n-cycle driving, the expectation value of the energy-momentum tensor on the strip therefore
becomes: ) )
@i = (52) (52) e - () 5 (2.01)
ow 0z " L) 24 '
Lastly, we need to evaluate the expectation value of the energy-momentum tensor (G|T'(Z,)|G).
This is done by performing another conformal transformation to the upper half-plane with
¢ = /z = exp(mw/L). Since this is not a Mobius transformation this generates a Schwarzian

derivative:
C oy (€M) 3 (€)Y _ e
[ERART <5/<z> () ) E (2.92)
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meaning we have:

(GIF"T(w) F|G) = (gw) (52) [t + 5] - (?) S e

It turns out that (G|T(§)|G) is translationally invariant in the horizontal direction and therefore
vanishes. Subtracting the initial term obtained from the Schwarzian derivative, we get:

arrreria = (2) (Z) o 201

and the energy density is given by:

E(x,t) = (T(x,nT)) + (T(x,nT)) = 3% [(SZ)Z @5;) 21%+ (25)2 (8;;) 21%

After an analytic continuation 79 — 70,7, — i1}, the expectation value of T and T can be
expressed in terms of the Mébius parameters 2.77:

(2.95)

21\? ¢ (AD — BC)2z2
_ 21\? ¢ (AD — BC)?z2 .
(Tt =nT)) = <L> 32(Az + B)2(Cz + D)?
The total energy is then constructed as follows:
1 [E — 2 ¢ AD + BC

As expected, total energy and energy density expect therefore implicitly depend on the parameters
To/L and T1 /L and n [13].

2.5 Evolution of energy and energy density

Equipped with the knowledge of Floquet CF'T, we turn to our lattice model again. The aim of
this section will be to study the evolution of the total energy E and energy density £. Obtaining
the total energy corresponds to forming the expectation value with the time-evolved state |¢)(nT'))
and can be written in terms of the previously obtained correlation function (2.52) as follows:

L-1

E(nT) = (Ho) = ((nT)|Hol)(nT)) = > Ciis1+ Citu, (2.98)
i=1

In the preceding section, we established, that the total energy implicitly depends on the driving
parameters Tp/L and T1/L. Our goal will be to analyze exactly how the driving parameters
influence the total energy of our system. The result for 7p/L = [0,2] and T7/L = [0, 2] can be
seen in Fig. 2.3. As expected from Floquet conformal field theory, we observe the formation of
two phases; heating in the low-frequency driving regime and non-heating in the high-frequency
driving regime, corresponding to the hyperbolic and elliptical class of Mdbius transformations
respectively. We also note, that the phase diagram is periodic in Ty/L and aperiodic in Ty /L°.

This is expected, since A from 2.85 is periodic in Tp and aperiodic in T}
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Furthermore, we observe in Fig. 2.5, that the energy in the heating phase exponentially grows as
the number of cycles n is increased and periodically varies in the non-heating phase®. It should
be noted that the parameters chosen for the heating phase in Fig. 2.5 correspond to a slowly
heating system, since the exponential increase only holds in the low-energy limit. Inevitably, as
the cycles increase, the total energy starts to plateau [3].

0 0.5 1 1.
T,/L

2.0

Ut

Figure 2.3: The Total Energy for a 6-cycle Floquet driven one-dimensional system of L = 100
sites as a function of the the two different driving periods Ty and 7.

For a quickly heating system in the low-frequency, long-time regime (for example, Ty/L = 0.5
and T7/L = 1.5) the total energy quickly converges to its maximum energy value. This is to be
expected, as the Hilbert space is finite dimensional (meaning only a finite number of eigenstates
and finite energies E,, exist). We can see this limitation analytically by considering that in a
finite system, the time-evolved Floquet state can be expanded in terms of energy-eigenfunctions
|um) as follows; [1)(nT)) =3, cm(nT) |uy). For the total energy after n-cycles we therefore
have:

E(nT) = ((nT)|Ho|t(nT))
- Z cm(nT)cpy (nT') <Um"1.:[0‘um> (2.99)

m,m/

5The phase for the non-heating case is dependent on the parameters Ty and T}
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Figure 2.4: Energy density for a heating phase (a) Ty = 0.95L, T} = 0.05L and non heating phase
(b) To = 0.2L,T; = 0.8L. The CFT-predicated locations for the chiral peak and anti-chiral peak
in the heating phase are xchiral = 276 and ZTanti-chiral = 724

Using the eigenvalue equation Ho |um) = Ep, |um), we get

E(nT) = cm(t)em (£) Embm

e (2.100)
= Jem®) P Em with Y [em(t)* =1

In this picture, the infinite temperature state therefore simply corresponds to the saturated
maximal energy state.

To better understand in what manner the heating occurs, we wish to analyze the energy density,
which can be regarded as the local component of the total energy 2.98 and is therefore given by:

5(i, n) = Ci,i+1 + Ci—i—l,i (2.101)

The energy density for the heating phase and non-heating phase in an early-time regime are
shown in Fig. 2.4a and 2.4b, respectively. We observe, that in the heating phase, most of
the energy accumulates around two peaks, whereas in the non-heating phase the energy keeps
oscillating in a patternless manner as the number of cycles increases. As established in section
2.4, the Floquet dynamics boils down to classifying conformal mappings according to their fixed
points 1 and 9 or the sign inside the square root of the multiplier . The location of the
energy peaks can then be determined with the unstable fixed point of the Mobius transformation:
Zchiral = Llog(v2)/2m and Zanti-chiral = L — L1og(y2)/2m [27]. We find, that the anti-chiral and
chiral peaks calculated in the Floquet CFT framework are consistent with the accumulation
points found in our lattice model.

For a late-time regime corresponding to cycles roughly larger than n = 18, however, the CFT
predictions are not accurate anymore, since more and more excitations other than the chiral
and anti-chiral appear. In Fig. B.2, for example, the energy density for a heating phase in
the late-time regime can be seen. As expected, we observe smeared out, saturated chiral and
anti-chiral peaks” and emerging excitations near the center of the system [3].

"This is due to the fact that there are only a finite number of degrees of freedom.
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Figure 2.5: Evolution of total energy E(n) of a (left) heating phase (right) non-heating phase
with respect to the number of cycles n. In the heating-phase, we observe that the lattice results
deviate from the CFT predictions at around n = 18. In contrast, even in the long-time limit, the
non-heating phase can still correctly be described with CFT.

2.6 Entanglement entropy

To further characterize the Floquet dynamics a study of the entanglement entropy is conducted.
To this end, the entire composite bipartite quantum system H = Ha ® Hp is first split up into
two subsystems A and B. Here we assume that we have the best possible knowledge obtainable
by the system, such that we can describe the composite state by the pure state |¥) € H. Even
for a pure state the perfect knowledge of the composite system however does not guarantee that
the individual parts also are described by pure states. Only in the case where |¥) is a product
state, i.e |U) = |¢) ® |¢) for any two states |¢) € Ha and |¢p) € Hp. In this case the reduced
density matrices are given by:

pa=16) (8l and pp=|v) (Y] (2.102)

If |¥) however cannot be written as a product state, the reduced states are not pure and are
described by an ensemble £ of mixed states. Since a system is usually not perfectly isolated (a
general trait of open systems such as the one considered in this thesis), it must be described by
an incoherent superposition of several pure states |¥;). The density operator for an ensemble
E(pi,|¥:))® can be expressed as:

p=_pi|T) (T (2.103)

i

Any measurement of on one of the subsystems can then be fully characterized by the reduced
density matrices, which are obtained from the total density matrix p = |¥) (¥| (with |¥) being a
pure state) by tracing out the degrees of freedom of their respective complementary subsystem.
The reduced density matrices are therefore given by
(2.104)

pa=Trg(p) and pp="Tra(p)

8An ensemble yields the complete description of the system.
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where Trp and Try4 indicate the partial trace. If |a1) and |ag) are two arbitrary vectors in H 4 of
system A and |b1) and |b1) any two vectors in space B the partial trace is defined as:

Trp(|a1) (az| ® [b1) ® [b2)) = |a1) (az| Tr(|by) (br]) (2.105)

The entanglement entropy now describes the quantum entanglement of a composite quantum
system, such as H = H 4 ® Hp. For such a bipartite system, the entanglement entropy can be
quantified with the help of the von Neumman Entropy:

Sa=—Trlpaln(pa)] = Z —XiIn(A\) 4 (1= X)) In(1 — \) (2.106)

where \; are the eigenvalues of the reduced density operator p4 obtained via the eigendecomposi-
tion of the reduced density matrix

pA = Z Ai i) (i (2.107)

Since the spectrum of the two reduced density matrices ps and pp are identical the following
holds:
Sa = —Tr[(pam(pa))] = —Tr[(ps In(ps)] = Sp (2.108)

for any pure composite state pg = |¥) (V| , 5 and bipartition of the two subsystems. This is the
reason, often entanglement entropy is simply denoted as entropy S without explicitly referring
to one of the subsystems.It should therefore be evident, that the entanglement entropy is not
proportional to the size of a subsystem but rather describes a measure of mutual connection
between the two subsystems. This can be observed in Fig. 2.7a. If the entanglement cut is
x = L, the total entanglement entropy S vanishes, since Sy = Sp.

If we have M non-zero eigenvalues A, in the eigendecomposition, which all take on the value
An =1/M for n=1,... M, the entropy reaches its maximum value of Sy = In(M). In the case
of a product state, the entropy vanishes [18, 15|

2.6.1 Reduced density matrix from the correlation function

The reduced density matrices for a tight-binding system, can directly be computed with the help of
the two-point correlation functions [19]|[17] Considering, any arbitrary free-fermion Hamiltonian:

Hy = Ztij (&;'dj + h.c) (2.109)

1,

that describes hoppings from site ¢ to site j and vice verse. The eigenstates of such a Hamiltonian
are known to be Slater determinants’. Denoting |¢)) be one such eigenstate, then according to
Wick’s theorem, all higher order (i.e two-particle, three-particle) correlation functions factorize
into products of one particle functions. For example for the four-point (2 particle) correlation
function, we obtain:

(plelelexer) = (ehén), (ehen)y — (Eher), (eha), (2.110)

If we consider a subsystem A of M sites, we know that by definition, the reduced density matrix
will reproduce all expectation values for that subsystem. Let O be an Observable of subsystem A

9Since the wave-functions need to be antisymmetric under the exchange of a fermion
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and suppose we have the ensemble £ = {pj;, [¢;)} (Each pure state |¢;) appears with probability
p; in the mixed state). The reduced density matrix

p = pil) (0 (2111)

then allows for the evaluation of an arbitrary state (mixed or pure):

ZPJ O|¢J|O Y = ZPJTT [15) (5] O) Tr ij ;) (1O | =Tr(pO) (2.112)
J
Similarly to 2.110, we therefore expect the expression (é;rléinékéw = Tr( péLéinékél) to also factorize
into single particle functions:
Cij = tr(élejp) (2.113)

For this to be the case, the reduced density matrix p has to be a Gaussian state in which a
free-fermion Hamiltonoperator appears in the exponential:

1 i .
pa=7 exp(~Ha) with H, = hiéle; (2.114)

The constant Z, in reference to statistical physics, ensures the correct normalization tr(p,) = 1.
Importantly, the canonical transformation which diagonalizes the correlation matrix coincides
with the transformation that diagonalizes the Hamiltonian 2.109, appearing in the exponential
of the reduced density matrix'?. Since Hy is also a free particle operator, the reduced density
matrix after n-cycle driving, will still have to be of the exponential form:

L

1 _ . ot A
Po = Ze Ho  with H, = ZGkCLCk (2.115)
k=1
but with a time-evolved operator:
L
Hao(nT) =Y er(nT)ef (t)ey (2.116)
k

The eigenvalues of the time-dependent operator ex(nT") are then obtained from the correlation
matrix at time nT = n(Tp + T1)"

Cij = (W(nT)|eléslp(nT)) = (GIF(nT)ielé;F(nT)|G) (2.117)

Therefore to compute the von-Neumann Entropy after n-cycles, we will simply make use of the
right hand side of the expression 2.106 and insert the eigenvalues obtained from diagonalizing
the two-point correlation function 2.117 [18, 19, 17].

2.6.2 Evolution of entanglement entropy

The aim of this section will be to study the stroboscopic evolution of the von-Neumann entropy
S for the two different phases under Floquet driving.

10Evidently, they share the same eigenvalues and eigenvectors.
"This only holds if the total number of particles is conserved
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In a non-heating phase, seen in Fig. 2.6b, we observe an oscillation of the entanglement entropy
similar to the total energy in the non-heating phase. In contrast, the heating phase in Fig. 2.6a,
shows a linear entanglement growth for early times and saturates, similarly to the total energy,
in the long-time limit. The reason for this is again that in a lattice model the degrees of freedoms
and the energy bandwidth are finite. According to Floquet CFT, the half-system entanglement
entropy and energy are related:

Eheating(n) X exp(6SA (n)) (2'118)

The relation 2.118 is expected to hold in for large system sizes and in the early-time, low energy
limit. Interestingly, however, in our numerical simulations, seen in Fig. 2.7b, we were not able to
reproduce this relation, indicating a departure from the expected results.

X 10*
2.71
—— A =10,250] ' —— A =10,250]
. A =[0,150] 5 G- A = [0,100]
A = 0,100] A =[0,50]
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Figure 2.6: Entanglement Evolution of a system of length L = 500 as a function of the number of
cycles n for different subsystem sizes A for (a) a heating phase with parameters, Ty = 71 = 0.9L
(b) non-heating phase with parameters Ty = 0.01L and 77 = 0.04L.

In Floquet CFT it was shown [3] that the observed energy peaks in the heating phase and kinks in
the entanglement entropy coincide. To verify this prediction, we wish to study the entanglement
entropy density as a function of the driving cycle n. We fix the subsystem B = (x, L] and vary
the end point x € (0, L) for system A = [0, 2] . The results are shown in Fig. 2.7a. The points
where the entanglement entropy shows kinks are referred to as chiral and anti-chiral peaks and
seem to coincide with the energy peaks observed in Fig. 2.4a.

Notably, the entanglement entropy increases only past the initial background value if the
entanglement cut for the subsystem A = [0, z] with = € [0, L] includes one of the energy peaks.
This is due to the fact that the entanglement entropy only grows in the area between the two
kinks while maintaining the initial background value everywhere else.
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Figure 2.7: (a) Evolution of entanglement entropy as a function of the entanglement cut x for
the subsystem A[0 : z]. The Floquet system parameters are Tp = 0.95L and T; = 0.05L and we
have periodic boundary conditions (b) The entanglement entropy and log(E(n))/6 are plotted
as a function of the number of cycles to verify the correspondence 2.118
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3 Floquet system in two dimensions

In one-dimension, we have observed that the Floquet time evolution leads to a formation of two
phases; heating and non-heating, depending on the driving parameters Ty and 7. We found that
the numerical results on the lattice model in large parts were consistent with the predictions of
Floquet conformal field theory. In this chapter, we wish to now analyze whether a similar phase
structure can also be observed in a two-dimensional Floquet system on a lattice. It should be
noted however that we will have to rely solely on numerics as there is no analytically solvable
model available for a Floquet system in two dimensions.

At t = 0, we again, prepare the initial state |¢)(¢ = 0)) to be the ground state of the periodic-
tight-binding model:

HO—ZZ<—t1 [c (i,5)é(i + 1,7) + &l (i + 1, §)é(d, j)]
=1 j=1 (31)

—to [e1(0, )ei,G + 1) + (0, + e, )] )

and then time evolve the ground state with the sine-squared deformed Hamiltonian for a duration
of time T17:

1Ly—

> Z(—tlf(w J)[W D+ 1,4) + i+ 1,9)e(0,5)|
j=1

i=1 (3.2)

—toF <zg+;> (&G0, )eti, g+ 1) + e (i, + Deti )] )

where F(x,y) corresponds to the function 1.46. To complete a cycle, we then drive the state
with Hy for a time Ty. In summary, the time-dependent Hamiltonian is given by:

(3.3)

- | SSD-Hamiltonian (3.1) 0<t<Ty
| PBC-Hamiltonian (3.2) T <t<Ti+1To

where in both cases, we will for simplicity, set t; = to = 1. Since nothing about the protocol
changes, the factorization of the Floquet operator 2.4 still holds. The only difference to the
one-dimensional case is the extra degree of freedom resulting from a two-dimensional basis state
being described by two indices rather than one, which leads to an ambiguity as to how the basis
states are supposed to be ordered (i.e does the state |1,2) come before |2,1) or the other way
around). For a square lattice, we have L, = L, and therefore require L?-basis states. In our
numerical implementations we will stick to natural ordering, meaning we order the basis states
(i,7) as such:

e Start at lattice location (0,0), corresponding to the first element in the flattened vector
and assign it index k =1

e Increment j to traverse the vertical y-direction.

e Once the end of the lattice has been reached, return to 5 = 0 and increment ¢ by one. This
procedure is repeated such that the entire lattice has been indexed by k.

'We employ periodic boundary conditions both in 2 and y directions
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Once the basis-ordering has been decided upon, we proceed in a similar fashion as in 1D, by first
obtaining the explicit matrix form for our Hamiltonians 3.1 and 3.2. The shape of the resulting
matrices are shown in Figure 3.1.
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Figure 3.1: Structure of the tight-binding Hamiltonian for L, = L, = 5 and (a) open-boundary
conditions (b) periodic-boundary conditions (c) sine-squared deformed.

The procedure to obtain the correlation function after n-cycles for the two-dimensional case,
follows analogously the procedure introduced in section 2.1. The only difference is the dimensions
of the matrices and the number of occupied modes. The correlation function after n-cycles is
still given by 2.52.

3.1 Total energy

The total energy for the two-dimensional lattice in terms of the two-point correlation function is
simply given by:

L-1L-1
E(n) = (Ho) = ($(nT)|Holtp(nT)) =Y > (C[(i,j), (i +1,5)] +C[( ), (4,5 + 1)] 3.4
i=1 j=1 .

€I+ 1,5), (0, )] + €Ll 5 + 1), (5,9)])

Similarly, to the one-dimensional case, we wish to analyze the heating and non-heating phase
structure. The results obtained for a square lattice with L, = L, = 15 sites after 5-cycles, is
shown in Fig. 3.2. Due to the low resolution, we note, that the exact transition lines in the
phase structure, namely in the ranges shortly after a period are hard to make out?. However
a comparison with Fig. 2.3, still allows for the conclusion that the phase-structure period in
the two-dimensional case, is 1/4-th that of the one-dimensional one. Not surprisingly, we also
observe, that due to the larger degrees of freedom and the larger Hilbert space, the total energy
values are substantially larger than in the one-dimensional case.

In the next step, we wish to analyze the evolution of the total energy for the heating and
non-heating phase. The results for two examples of a heating and non-heating phase are shown
in Fig. 3.3. The heating phase is similar to the one-dimensional case where it shows a steep
increase in total energy for the first few cycles until the energy saturates at around £ = 140 and
oscillates slightly around that value. A similar behavior for other heating phases can be observed
in Fig. B.1. In contrast to the one-dimensional case, we observe that the non-heating phase is

2This is suspected to be the case due to the small system size of only L = 15
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Figure 3.2: Phase diagram for a 5-cycle driven two-dimensional square lattice with L, = L, = 15
and periodic boundary conditions.

not periodic anymore but rather stays constrained within an energy window between FE = 12.5
and E = 17.5, meaning that in the non-heating case, the system stays constrained in a very small
sector of the total Hilbert space and never returns to its initial ground state. The reason for
this is that, in one-dimension, the particles were restricted to moving left or right, meaning the
probability that the trajectory of all quasiparticle at time ¢ returns them to their initial position,
is much more likely than in the two-dimensional case due to the higher degrees of freedom.
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Figure 3.3: Total energy evolution as a function of the cycles for a (left) heating phase and (right)
non-heating phase

In Fig. 3.4, we can furthermore see that by increasing T}, the system slowly transitions from a
non-heating phase to a heating phase where an ever-growing energy bandwidth can be observed.
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Figure 3.4: Evolution of total energy F(n) for the two-dimensional Floquet System as a function
of the number of cycles n for different parameters of 77.

3.2 Energy density

Lastly, we will study the energy density of our Floquet system. This quantity can again be
expressed in terms of the two-point correlation function:

(i, j,n) =C[(i,), (it + 1, )] + C[(¢, 5), (2, + 1)]

O+ 1,9, ()] + € + 1), (5 5)] (35)

In contrast to the one-dimensional case, however, in two-dimension a clear pattern characterizing
the heating and non-heating cannot be found. This becomes evident when looking at the results
obtained in Fig. 3.5 where no reoccurring pattern amongst all different highly-symmetric heating
phases emerges. This means that even though there seems to be a tendency for energy to
accumulate away from the centers of the system and more towards the boundary, no clear
notion of heating and non-heating sectors can be determined. It should also be noted that the
bandwidth of energy values, i.e the highest energy values and lowest energy value in the energy
density spectrum, is more narrow in two- than in one-dimension, meaning the heating occurs in
a more spatially uniform way compared to the case in one-dimension, where only the chiral and
anti-chiral peaks absorb the heat at early times.

For certain choices of parameters, however, the distinction between heating and non-heating

sectors can still become quite pronounced. Such an example is shown in Fig. 3.6, where a clear
circular heating sector can be found.
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4 Conclusion

The bulk of this thesis included verifying the analytical predictions made by Floquet CFT by
simulating the dynamics of the Floquet system numerically on a lattice. Even though no solvable
framework for this case currently exists, we then conducted a study analyzing whether similar
predictions for the two-dimensional system can be made.

In one-dimension an emergence of a heating and non-heating phase was observed. In the non-
heating phase, the total energy and entanglement entropy were found to periodically oscillate
as a function of the number of cycles n. The characteristic feature of the heating phase was
the formation of two energy absorbing accumulation points, the chiral and anti-chiral peak,
which were found to share the entirety of the systems entanglement entropy. The total energy
(in the early-time driving regime) was additionally found to be exponentially increasing. All
of the above the obtained results seemed to match the predictions made by the Floquet CFT.
The only significant departure from the analytical predictions is the expected relation between
entanglement entropy and total energy of the system.

In the two-dimensional square lattice system, a similar phase structure as in one-dimension was
observed. A notable change, however is the decrease of the phase-structure periodicity from 1 to
1/4-th. We also observed that the periodicity of the total energy for the non-heating phase was
broken. Instead, the phase gets stuck in a narrow energy window and never returns to its initial
ground state energy.

We also found that the clear notion of chiral and anti-chiral energy accumulation points in
one-dimension, have no corresponding counterpart in two-dimensions. It turns out that the shape
and location of the heating sectors greatly vary for different heating phases. This can be reasoned
by arguing that a two-dimensional system has more degrees of freedom, leading to more varied
trajectories of the quasiparticles. The probability of quasiparticles accumulating at the same
lattice site is therefore a lot less likely than in one-dimension.

Further investigations of the two-dimensional system could include analyzing the evolution of
the entanglement entropy. Due to the natural ordering of the basis states, identifying the correct
corresponding state sub-sectors for the bipartition of the total system, may pose complications
in its implementation. The question then naturally arises, whether entanglement entropy and
total energy share a correspondence similar to the one obtained in one-dimension!. Finally, the
resulting dynamics of different initial states, such as a thermal one, could be studied.

"We do not refer to the Floquet CFT energy-entanglement prediction here
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A Additional Information

A.1 Thermal initial state

Instead of considering the initial state of our Floquet system to be the pure ground state of Hy
at temperature T' = 0 with Fermi-Dirac distribution 1.6b, we can also consider a thermal state
at thermal equilibrium. To study the expectation value at finite temperatures, we resort to the
density matrix formalism. In the canonical ensemble (fixed N, V and T'), the probabilities of
the energy eigenstates |1);) are proportional to the Boltzmann factor p; o exp(—SE;), where
kpT = 1/3. As such, the density matrix reads

p= ¢ PE) (wif = e 0T (A1)
The expectation value of an observable O is then given by:
[OP —6E

where Z denotes the canonical partition function Z = Y, e #Fi. It can be shown that the
two-point correlation function C;; = (¢;¢;) for the initial state simply has to be modified as such:

1

o APy B, nrer
G Tr(e—ﬁﬁo) {;k} ({rHele;|{ng}) e P2 )
ZUImUkJ Z {’I’Lk}|ckck|{nk}> —B3 ) nkek (A4)
Tr 5Ho
{nx}
R (A.5)

k

where we used the unitary transformation U which diagonalizes Hy and 2.22. To obtain the
correlation function at later times, the same procedure can be applied. It should be noted that
in the CFT Calculations, the phase heating/non-heating phase structure will remain even if the
system is prepared in a thermal state [3].

A.2 Witt Algebra

To find the algebra of the generators we consider the infinitesimal conformal transformation

2> Z=z+¢€(z), €(z)= Z en(—2"1)
TLZO;OO (A.G)
o itE(R) =5 @)= Y. (-2

where the infinitesimal parameters €, and €, are constant. The differential operators that generate
the infinitesimal transformations are

L,=—-2""9,, L,=-7""0, (A7)
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These operators satisfy the following commutation relation

(L, Lp) = (m = n)Limn,  [Lm, Ln| = (m —n)Lingpn, [Lm,Ln] =0 (A.8)

These two algebras are independent of each since they L,’s and L,,’s commute with each other
meaning that the (local) conformal algebra is simply the direct sum of the two isomorphic
algebras A. @ A. Since these two are independent we therefore say z and Z are independent since
the action of the conformal group in two dimensions factorizes into independent actions on z
and z and we are effectively considering C? and C. The generator for an arbitrary conformal
transformation is thus

> enln+enLn (A.9)

and generates conformal transformations of functions f(z, z) [22, 4|
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Additional Plots
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Figure B.1: Evolution of the total energy for different parameters 77 /L of a heating phase.
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Figure B.3: Spatial probability distribution for the eigenfunctions (a) |po(z,y)* and (b)
|12z, y)|* fof the PBC tight-binding model and (c) |ps01(z,y)|> and (d) |@1600(x,y)|* for

the SSD deformed model on a square lattice of size L, = L, = 50. The index in the subscript
denotes the energy level [.
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Figure B.4: Density profile (n(z,y)) = Zi(Ei<0) lgi(2,y)|> of the groundstate for (a) open
boundary conditions, (b) sine squared deformed. As is the case in one-dimension, the sine-squared

deformation shows translational invariance in the bulk of the system while still maintaining some
boundary effects on the edges of the system.
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